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Abstract
In this paper we shall be interested in automorphism groups of forms of even degree higher than two
over ordered fields. In [A. Chebowicz, A. Sładek, M. Wołowiec-Musiał, Automorphisms of certain forms of
higher degree over ordered fields, Linear Algebra Appl. 331 (2001) 145–153], we proved that any group of
order 2n containing a central involution is isomorphic with the orthogonal group of a certain form of degree
4n and we remarked that the degree 4n is greater than necessary. In this paper for any finite group G with a
central involution we will construct a form of degree 8 with the orthogonal group isomorphic to G.
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1. Introduction and terminology
A form of degree d in n variables over a field K is a homogeneous polynomial f (X) =
f (X1, . . . , Xn) ∈ K[X1, . . . , Xn] of degree d . All forms in n variables with degree d over K form
a K-vector space which we denote Fn,d(K). The basis of this space is given by the monomials
X
i1
1 · · ·Xinn , where i1, . . . , in ∈ Z+ and i1 + · · · + in = d, thus dimFn,d(K) =
(
n + d − 1
d
)
. For any
α = (a1, . . . , an) ∈ Kn we define a form (α•)d ∈ Fn,d(K) by
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(α•)d(X) :=

 n∑
j=1
ajXj


d
.
A setZ(f ) := {α ∈ Kn : f (α) = 0} we call a zero-set of the form f ∈ Fn,d(K) and we treat
it projectively. We say that an automorphism φ of the space Kn is an automorphism of the form
f ∈ Fn,d(K), if f (φ(X)) = f (X) for any X ∈ Kn. The set Aut(f ) of all automorphisms of f
is a group, which we call the automorphism group (or the orthogonal group) of the form f . If
K is an ordered field, we can define a set Pn,d(K) to be a subset of Fn,d(K) consisting of all
forms f such that f (α)  0 for any α ∈ Kn. The set Pn,d(K) is a convex cone in Fn,d(K) and
its elements are called non-negative definite forms.
It is known that the group Aut(f ) is finite when f is non-singular form of degree d  3 [6,8].
So one can ask about the order and the structure of the automorphism group. This problem was
discussed by many authors (see [1,3,5,9,10]). On the other hand it is interesting which finite
groups can be represented as automorphism groups for suitable forms. Sładek and Wesołowski
in [7] proved that every CLE group is isomorphic to the orthogonal group of a certain separable
form. In [2] for any group G of the order 2n with a central involution the authors constructed a
form of degree 4n with the orthogonal group isomorphic to G. In this paper we improve this result
and we show that any finite group containing a central element of the order 2 is the automorphism
group of a certain form of degree 8.
2. Zeros of non-negative definite forms and d-independence
In this section we give some results we will need in the next part of this paper.
Definition. Suppose d ∈ N. We say that the set A = {α1, . . . , αr} ⊂ Kn is d-independent if the
forms (α1•)d , . . . , (αr•)d are linearly independent in Fn,d(K).
Remark. If proportional αi’s occur in the set A then A is d-independent with no number d. So
from now on we assume that no two αi’s are proportional in considered set A.
We now turn our attention to a set, which can be decomposed into a sum of disjoint, linearly
independent subsets. Then we have the following.
Theorem 1. Suppose
A = {α1,1, . . . , α1,r1 , α2,1, . . . , α2,r2 , . . . , αs,1, . . . , αs,rs } ⊂ Kn
and every set {αi,1, . . . , αi,ri } is linearly independent. Then the set A is (2s − 1)-independent.
Proof of this Theorem can be found in [4].
Theorem 2. Suppose K is an ordered field,
A = {α1,1, . . . , α1,r1 , α2,1, . . . , α2,r2 , . . . , αs,1, . . . , αs,rs } ⊂ Kn
and every set {αi,1, . . . , αi,ri } is linearly independent. Then there exists a form h ∈ Pn,4s(K) such
thatZ(h) = A.
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Proof. Let {e1, . . . , en} be a canonical basis of the linear space Kn. For fixed i ∈ {1, . . . , s} let
Pi be an isomorphism of the space Kn such that Pi(ej ) = αi,j for j = 1, . . . , ri . For the set
{e1, . . . , eri } it is easy to write a form li ∈ Pn,4(K) withZ(li) = {e1, . . . , eri }, namely
li (X) = li (X1, . . . , Xn) =
ri∑
i,j=1,i /=j
X2i X
2
j +
n∑
i=ri+1
X4i .
Now determine a form hi ∈ Pn,4(K)
hi(X) := li ((P−1i X)T),
then
Z(hi) = {αi,1, . . . , αi,ri }.
Therefore it suffices to define
h := h1 · · ·hs
to getZ(h) = A and h ∈ Pn,4s(K). 
3. Finite groups with a central involution as orthogonal groups
Assume K is an ordered field and denoteR+K(8) the set of representatives of positive cosets of
the quotient group K∗/K∗8. In this section we show our main result on realization of any finite
group with a central involution as the orthogonal group of a certain form of degree 8.
Theorem 3. Let K be an ordered field with |R+K(8)|  2. If G is a group of order 2n with a
central involution, then there exists a form f ∈ Pn,8(K) such that G ∼= Aut(f ).
Proof. Let t ∈ G be a central involution. Clearly |G/〈t〉| = n, so we can assume {g1, . . . , gn}
is a set of representatives of cosets of G/〈t〉. Next consider the regular representation ρ : G →
Aut(W) of the group G over the field K . Then a set {eg : g ∈ G} is a basis of the vector space
W . Let us define
αi := egi − etgi , i = 1, . . . , n,
B := {α1, . . . , αn},
V := linB.
ClearlyB is linearly independent. Moreover, it follows from the proof of Theorem 11 in [2] that
we can treat the group G as a subgroup of Aut(V ). Next, multiply the matrix of the automorphism
gi and the column matrix with entries 1, 2, . . . , n − 1, X. This way we obtain a n × 1 matrix,
which we denote hi . Now we can define M to be a quadratic matrix of dimension n, in which ith
column is equal to hi . It follows from properties of the regular representation that the element X
occurs in every row and in every column with multiplicity 1. Thus determinant M is a non-zero
polynomial from K[X]. Let us define A1 and A2 as follows
A1 = {α1, . . . , αn},
A2 = {αn+1, . . . , α2n},
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whereαn+j =gj (α1 + 2α2 + · · · + (n − 1)αn−1 + zαn) for j =1, . . . , n and z∈K \ {1, . . . , n −
1} is not equal to any zero of polynomial w(X) = detM . It ensures linear independence of the
set A2. The proof of Theorem 11 in [2] implies that G is a form {ϕ ∈ Aut(V ) : ϕ(±A1) =
±A1 and ϕ(±A2) = ±A2}. Thus, to prove the theorem it is enough to indicate a form f ∈
Pn,8(K) with Aut(f ) = {ϕ ∈ Aut(V ) : ϕ(±A1) = ±A1 and ϕ(±A2) = ±A2}. Choose a1, . . . ,
a2n ∈ R+K(8) as follows
ai = aj ⇔ αi, αj belong to the same set Ai
and define a form
f =
2n∑
i=1
ai(αi•)8.
By Theorem 2 we have that there exists h ∈ Pn,8(K) such thatZ(h) = {α1, . . . , α2n} and by
Theorem 1 the set {α1, . . . , α2n} is 3-independent. As we have observed (see Corollary 2.3 in [4])
then {α1, . . . , α2n} is also 8-independent. Thus we apply Theorem 6 and Corollary 9 of [2] and
conclude that Aut(f ) = {ϕ ∈ Aut(V ) : ϕ(±A1) = ±A1 and ϕ(±A2) = ±A2}. 
For example consider the quaternion group Quat and the rational field Q. We have
Quat =
{
±
(
1 0
0 1
)
,±
(
i 0
0 −i
)
,±
(
0 1
−1 0
)
,±
(
0 i
i 0
)}
and t = −
(
1 0
0 1
)
, so we can choose{(
1 0
0 1
)
,
(
i 0
0 −i
)
,
(
0 1
−1 0
)
,
(
0 i
i 0
)}
to be a set of representatives of cosets of Quat/〈t〉. Let ρ be a regular representation of Quat in
the eight-dimensional vector space over Q. We put
eg1 = (1, 0, 0, 0, 0, 0, 0, 0), etg1 = (0, 1, 0, 0, 0, 0, 0, 0),
eg2 = (0, 0, 1, 0, 0, 0, 0, 0), etg2 = (0, 0, 0, 1, 0, 0, 0, 0),
eg3 = (0, 0, 0, 0, 1, 0, 0, 0), etg3 = (0, 0, 0, 0, 0, 1, 0, 0),
eg4 = (0, 0, 0, 0, 0, 0, 1, 0), etg4 = (0, 0, 0, 0, 0, 0, 0, 1)
and obtain A1 = {α1, α2, α3, α4}, where α1 = (1, 0, 0, 0), α2 = (0, 1, 0, 0), α3 = (0, 0, 1, 0),
α4 = (0, 0, 0, 1). Since det M = −X4 + 20X2 − 80X + 96 we can take z = 4. Therefore we
obtain A2 = {α5, α6, α7, α8}, where α5 = (1, 2, 3, 4), α6 = (4, 1, 2, 3), α7 = (3, 4, 1, 2), α8 =
(2, 3, 4, 1). Next we choose the set R+Q(8) of representatives of positive cosets of the group
Q∗/Q∗8 and we assume 1 ∈ R+Q(8) and 2 ∈ R+Q(8). Thus the form f ∈ P4,8(Q) given by formula
f (X) = f (X1, X2, X3, X4) = X81 + X82 + X83 + X84
+ 2(X1 + 2X2 + 3X3 + 4X4)8 + 2(4X1 + X2 + 2X3 + 3X4)8
+ 2(3X1 + 4X2 + X3 + 2X4)8 + 2(2X1 + 3X2 + 4X3 + X4)8
satisfies AutQ(f ) ∼= Quat.
It must be emphasized that in literature one can find forms of dimension lower than 4 and
degree lower than 8 with an 8-element automorphism group (see [1,7]). However, we hope that
Theorem 3 can be improved by decreasing dimension and degree of the form f .
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